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Abstract 

Let ^ = {{M,N,f,Q) I M,N, Q € /?-Mod, N <M, f G Homs(A,0} and let .if be a nonempty 
subclass of Jirasko introduced the concepts of .if-injective module as a generalization of injec¬ 
tive module as follows: a module Q is said to be .if-injective if for each {B,A,f,Q) G .if, there 
exists a homomorphism g : B ^ Q such that g(a) = f{a), for all a GA. The aim of this paper is to 
study .if-injective modules and some related concepts. 
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1 Introduction 

Injective modules can be traced to Baer [4] who studied divisible Abelian groups. Eckmann 
and Schopf [12] introduced the terminology "injective". An /^-module M is said to be injective if, 
for any module B, every homomorphism f :A -G M, where A is any submodule of B, extends to a 
homomorphism g : B —G M. Many authors interested in this class of modules, for example, Maths 
[19], Faith [13] and Page and Zhou [21]. Also, many authors tried to generalize the concept of 
injective module, for example, Johnson and Wong introduced quasi-injective module in [17]. The 
notion of M-injective module was introduced in [3]. The notion of T-injective module was studied in 
[23] and the notion of soc-injective module was introduced in [1]. Also, Zeyada in [25] introduced 
the concept of s-injective module. 

Let M and N be modules. Recall that N is said to be M-injective if every homomorphism from 
a submodule of M to A extends to a homomorphism from M to A [3]. A module M is said to be 
quasi-injective if M is M-injective. 

Let T = be a torsion theory. A submodule B of a module A is said to be T-dense in A if 

A/B is T-torsion (i.e. A/B G SA'). A submodule A of a module B is said to be T-essential in B if it is 
T-dense and essential in B. A torsion theory T is said to be noetherian if for every ascending chain 
h Q hQ ■■■ of left ideals of R with To = U7=Ut ^ T-dense left ideal in R, there exists a positive 
integer n such that In is T-dense in B. A module M is said to be T-injective if every homomorphism 
from a T-dense submodule of B to M extends to a homomorphism from B to M, where B is any 
module. Let M be an B-module. A T-injective envelope (or T-injective hull) of M is a T-injective 
module E which is a T-essential extension of M [7]. Every B-module M has a T-injective envelope 
and it is unique up to isomorphism [9]. We use the notation £t(M) to stand for an T-injective 
envelope of M. A T-injective module E is said to be E-T-injective if is T-injective for any index 
set A; E is said to be countably E-'Z^-injective in case is T-injective for any countable index 
set C. Let E and M be modules. Then E is said to be T-M-injective if any homomorphism from a 
T-dense submodule of M to B extends to a homomorphism from M to B. A module B is said to be 
T-quasi-injective if B is T-B-injective. 
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Let ^ = {{M,N,f,Q) I M,N,Q G /?-Mod, N <M, f G Homs(A^,2)} and let ^ be a nonempty 
subclass of Jirasko in [16] introduced the concepts of ^-injective module as a generalization 
of injective module as follows: a module Q is said to be ^-injective if for each {B,A,f,Q) € -Sf, 
there exists a homomorphism g: B ^ Q such that (g [ A) = /. Clearly, injective module and all its 
generalizations are special cases of ^-injectivity. The aim of this article is to study .if-injectivity 
and some related concepts. 

In section two, we give some properties and characterizations of .if-injective modules. For 
example, in Theorem 2.12 we give a version of Baer’s criterion for .if-injectivity. Also, in Theo¬ 
rem 2.15 we extend a characterization due to [24, Theorem 2, p. 8 ] of .if-injective modules over 
commutative Noetherian rings. 

In section three we introduce the concepts of .if-M-injective module and s-.if-M-injective mod¬ 
ule as generalizations of M-injective modules and give some results about them. For examples, 
in Theorem 3.5 we prove that if .if is a nonempty subclass of ^ satisfy conditions (a), (j3) and 
( 7 ) and M,Q G /?-Mod such that M satisfies condition (Ejf), then Q is .if-M-injective if and only 
if /(M) < Q, for all / G Hom^(£’^(M),£’jf (Q)) with {M,L,f\L,Q) G .if where L = {m G M \ 
f{m) G Q} — M {Q). Also, in Proposition 3.13 we generalize [7, Proposition 14.12, p. 66 ], 
[ 6 , Proposition 1, p. 1954] and Fuchs’s result in [14]. Moreover, our version of the Generalized 
Fuchs Criterion is given in Proposition 3.14 in which we prove that if .if is a nonempty subclass of 
^ satisfy conditions (a) and (jj.) and M,Q G /?-Mod such that M satisfies condition (.if). Then a 
module Q is s-.if-M-injective if and only if for each G .if with ker(/) G there 

exists an element xGQ such that f{a) = ax, Va G I. 

In section four we study direct sums of .if-injective modules. In this section we prove some 
results, for example, in Proposition 4.3 we prove that for any family {Ea}aeA of .if-injective mod¬ 
ules , where A is an infinite index set, if .if satisfies conditions (a), (fi) and (5) and is 

an .if-injective module for any countable subset C of A, then ^aeA^a is an .if-injective module. 
In Theorem 4.10 we prove that for any nonempty subclass Jf of ^ which satisfies conditions (a) 
and (5) and for any nonempty class of modules closed under isomorphic copies and .if-injective 
hulls, if the direct sum of any family of .if-injective /^-modules in is .if-injective, then 

every ascending chain /i C /2 C ... of left ideals of B in with To = U7=i h in R, 

terminates. Also, in Theorem 4.12 we generalize results in [21, p. 643] and [9, Proposition 5.3.5, 
p. 165] in which we prove that for any nonempty subclass .if of ^ which satisfies conditions 
(a), (jJ.) , (5) and (/) and for any nonempty class of modules closed under isomorphic copies 
and submodules, if every ascending chain Ji CJ 2 C ... of left ideals of R such that (7,+i/y,) G 
Vi G N and Joo = Uili Ji s--S?-dense in R terminates, then every direct sum of .if-injective modules 
in is .if-injective. 

Finally, in section five we introduce the concept of ^-.if-injectivity as a generalization of ^- 
injectivity and ^-T-injectivity and prove Theorem 5.4 in which we generalize Faith’s result [13, 
Proposition 3, p. 184] and [7, Theorem 16.16, p. 98]. 

Throughout this article, unless otherwise specified, R will denote an associative ring with non¬ 
zero identity, and all modules are left unital -modules. By a class of modules we mean a non-empty 
class of modules. The class of all left /^-modules is denoted by /?-Mod and by 5R we mean the set 
{{M,N)\N < M, M G /?-Mod}, where A < M is a notation means A is a submodule of M. Given 
a family of modules {M,},g/, for each j € I, Ttj : —> Mj denotes the canonical projection 

homomorphism. Let M be a module and let T be a subset of M. The left annihilator of T in will be 
denoted by Ir{Y), i.e., Ir{Y) = {rG R \ ry = 0, Vy € T}. Given oGM, let (T : a) denote the set {r € 
R \ raGY}, and let annR{a) := (0:a). The right annihilator of a subset / ofin M will be denoted by 
i.e., rM{I) = {m G M \ rm — Q,yr G /}. The class {/ | / is a left ideal of R such that annR{m) C 
/, for some m e M} will be denoted by Ei{M). Finally, the injective envelope of a module M will be 
denoted by ^(M). 

2 Some Properties and Characterizations of -Injective Mod¬ 
ules 

Let Q) \M,N,QG /?-Mod, N < M, f G Hom^ (A, Q)} and let .if be a nonempty 

subclass of Jirasko in [16] introduced the concept of .if-injective module as a generalization 
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of injective module as follows: a module Q is said to be ^-injective if every diagram 


f 

Q 

with {M,N,f,Q) G ^, can be completed to a commutative diagram. 

For every {B,A,f,Q) G Jirasko in [16] definedrjf (B, A, f,Q) and s^{B,A,f,Q) as follows: 
rjf{B,A,f,Q) {s^{B,A,f,Q)) is the submodule of B generated by all the g{M), g G Hom/;(M,B) 
for which there exists a commutative diagram 

h g 

AC— '-^B 
f 

Q 


with (M,A^,//i,g) e (andA^ = g *(A)). 

We will use the following abbreviations: r^{B,Q,lQ,Q) ^ r^{B,Q), sjf{B,Q,lQ,Q)=sjf{B,Q), 
r^{E{Q),Q) = r^{Q) ^.nd s^{E{Q),Q) = s^{Q). 

A submodule A of a module M is said to be ^-dense in M if M C A + (£ (M), A) [16]. 

Jirasko in [16] introduced the concepts of .jSf-injective envelope (or -injective hull) of a mod¬ 
ule M as follows: an .jSf -injective module E is said to be an .if -injective envelope of a module M 
if there is no proper .if -injective submodule of E containing M. If a module M has an .if -injective 
envelope and it is unique up to isomorphic then we will use the notation E^{M) to stand for an 
.if -injective envelope of M. 

In the class ^ we will define the partial order ^ in the following way: 

= AC A', Q = Q', f \N = f. 


The following conditions on .if will be useful later, where .if always denotes a nonempty sub¬ 
class of ^. 

(a)(M,A,/,e)e^,(M,A',/',e)G.^and(M,A,/,e)^(M,A',/',e)implies(M,A',/',e)G 

(j3) {M,N,f,A) G .if, i: A ^ B implies {M,N,if,B) G Jf, where i is an inclusion homomor¬ 
phism, 

( 7 ) {M,N,f,A) G .if, g : A —> B an isomorphism, implies {M,N,gf,B) G .if, 

(5) {M,N,f,A) G -Sf, g :A ^ B a homomorphism, implies {M,N,gf,B) G .if, 

(A) {M,N,f,A) G .if, g'.A^Ba split epimorphism, implies {M,N,gf,B) G .if, 

Ib) {M,N,f,Q) G .if, implies (B,(A : x),fx,Q) G if, Vx G M, where /^ : (A : x) —> Q is a ho¬ 
momorphism define by fx{r) = f{rx), Vr G (A : x). 

Remark 2.1. ([16, p. 625]) If satisfies ( 7 ), then the class of -injective modules is closed under 
isomorphism. 

Theorem 2.2. ([16, Theorem 1.12, p. 625]) If the subclass if of .Jf satisfies (ct), (j3) and ( 7 ), 
then every module Q has an -injective envelope which is unique up to Q-isomorphism. 

Proposition 2.3. /fif satisfies condition (j3), then every direct summand of an .^-injective module 
is also .^-injective. 

Proof. An easy check. □ 

Corollary 2.4. Let if satisfy conditions (ji) and ( 7 ) and let be any family of modules. If 

is .^-injective, then Mi is .^-injective, Vi G /. 
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Proof. Since M, is isomorphic to a direct summand of this immediate by Proposition 2.3 

and Remark 2.1. □ 

The converse of Corollary 2.4 is not true in general, consider the following example: 

Example 2.5. Let {7i },g/ be a family of rings with unit and let R ~ Hig/ ™8 product of 

the family {7;},g/, where addition and multiplication are define componentwise. Let A = U,g/7] the 
direct sum off, Vi G 1. If each jjTi is injective, W i € I and I is infinite, then rA is a direct sum of 
injective modules, but rA is not itself injective, by [18, p. 140]. Hence we have that rA is a direct 
sum of .^-injective modules, but rA is not itself -injective where . 

Proposition 2.6. Let be any family of modules. Then: 

(1) ifWiei^i .^-injective and satisfies conditions (fi) and ( 7 ), then Mi is .Sf-injective, 

Vi e 1 . 

( 2 ) if Mi is .^-injective, Wi € I and satisfies condition (A), then Yiiei^i -injective. 

Proof. This is obvious. □ 

Since IlfG/M = 0 ig/M for any family of modules with finite index set I, thus the 

following corollary is immediately from Proposition 2.6. 

Corollary 2.7. Let satisfy condition (A) and let Mfji^^i be any family of -injective modules. 

If I is a finite set, then ®i(^iMi is .^-injective. 

Remarks 2.8. 

(i) Let ^£2 C be a nonempty subclasses of and let Q be any module. IfQ is .^\-injective, 
then Q is .^ 2 -injective. 

(ii) Let bea nonempty subclass of ./ff and let Jfi —{{M,N, f,Q)G.^\Nisa direct summand of M}. 

Then every module is -injective. 

(Hi) The converse of{i) is not true in general, for example let and .^2 = {{M,N,f,Q) G 

.if Iis a direct summand of M}, then if 2 C .if;. By (ii) every R-module is .^ 2 -injective but, ifR is 
not semisimple artinian, then not every module is £fi-injective (clearly Jfi-injectivity = injectivity). 

Now we will introduce the concept of P-filter as follows. 

Definition 2.9. Let = {{M,N) \ N <M,M ^ P-Mod} and let p be a nonempty subclass of3i. VTe 
say that p is a P-filter if p satisfies the following conditions: 

(i) if{M,N) e p andN <K<M, then (M,K) e p; 

{ii)for all M G R-Mod, (M,M) G p; 

(Hi) if{M,N) G p, then (R, (N : x)) € p, Vx € M. 

Example 2.10. All of the following subclasses ofSi are P-filters. 

(1) p^ = {{M,N) G \ N < M such that M/N G ST, M G P-Mod}, where ST is a nonempty 
class of modules closed under submodules and homomorphic images. 

(2) p„ = 91 = {(M,N) \N<M,MG P-Mod}. 

(3) Pt = { (MjN) € 911 N is x-dense in M, M G P-Mod}, where x is a hereditary torsion theory. 

(4) Pr = { (M,N) € 91 I N <M such that r{M/N) =M/N, M G P-Mod}, where r is a left exact 
preradical. 

(5) Pmax = {(MjN) € 91 I N is fl maximal submodule in M or N = M, M G P-Mod}. 

( 6 ) p, = {{M,N) G3i\N <eM, M G P-Mod}. 

It is clear that the P-filters from (2) to (5) are special cases of P-filter in (1). Also, if p is a 
P-filter then the subclass Pr = {{R,I) G p | / is a left ideal ofR} ofSi is also P-filter. 


Throughout this chapter we will fix the following notations. 

- For any two P-filters pi and p 2 , we will denote by .^^p^ the subclass .if(pj p^j = { {M,N, f, Q) G 

\M,N,QG P-Mod, {M,N) G pi and / G HomK(N, Q) such that (M,ker(/)) € P 2 }. 

-For any two nonempty classes of modules If and we will denote by the subclass 

.if(^^^) = {{M ,N, f ,Q) G .Jf \ M,H ,QG P-Mod, N <M such that M/N G If and / G Hom^ (N,2) 
with M/ker(/) G Ifj. It is clear that .if(^_^) = -Sf(p^ p^p when If and f are closed under sub- 
modules and homomorphic images. 

- For any two preradicals r and s, we will denote by f{r,s) the subclass f[r,s) = {(Af,N,/, 2) G 

ff I M,N,QGR-Mod, N <M such that r (M/N) = M/N and/G Hom^(N, 2) withs(M/ker(/)) = 
M/ker(/)}. It is clear that when r and s are left exact preradicals. 
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- For any torsion theory T, we will denote by the subclass = {{M,f,Q) G ^ \ 
M,N,Q G /?-Mod, is a T-dense in M and / G Hom/;(A^, Q)}. It is clear that i when 

T is a hereditary torsion theory. 


Lemma 2.11. Let pi and P 2 be two P-filters. Then satisfies conditions (a), (S) and (p). 

Proof. Conditions (a) and (5) are clear. 

Condition (/r): Let {M,N,f,Q) G andletxGM, thus {M,N) G pi and/G Hom^(A^,g) 

such that (M,ker(/)) G P 2 . Since pi is a P-filter, thus {R, {N : x)) G pi. It is easy to prove that 
ker(/^) = (ker(/) : x). Since (M,ker(/)) G P 2 and p 2 is a P-filter, (P, (ker(/) : x)) G P 2 and hence 
(P,ker(/;t')) G P 2 and this implies that {RfiN : x),fx,Q) G Therefore .Sf(^p^ py satisfies 

condition (p). □ 

One well-known result concerning injective modules states that an P-module M is injective if 
and only if every homomorphism from a left ideal of P to M extends to a homomorphism from P to 
M if and only if for each left ideal / of P and every / G Hom/;(/,M), there is an m G M such that 
f{r) = rm, Vr G I. This is known as Baer’s condition [4]. Baer’s result shows that the left ideals of 
P form a test set for injectivity. 

The following theorem is the main result in this section in which we give a version of Baer’s 
criterion for -injectivity. 

Theorem 2.12. (Generalized Baer’s Criterion) Consider the following three conditions for an R- 
module M: 

{\) M is -injective; 

( 2 ) every diagram 

/C—U-p 

/ 

M 

with {R,I,f,M) G .Sf can be completed to a commutative diagram; 

(3) for each (Rf,f,M) G .jSf, there exists an element m G M such that f{r) = rm, Vr G /. 

Then (2) and (3) are equivalent and (1) implies (2). Moreover, if satisfies conditions (a) 

and (p), then all the three conditions are equivalent. 

Proof. (1) ^ (2) and (2) (3) are obvious. 

(2) ^ (1) Let .jSf satisfy conditions (a) and (p) and consider the following diagram 

A^—^B 

f 

M 

with (B,A,f,M) G . Let S = {{C, (p)\A<C<B,(pG Hom^ (C,M) such that {(p\A) = f }. Define 
on P a partial order ^ by 

{Ci,(Pi) f {C 2 ,<P 2 ) Cl < C 2 and ['Ci) = 

Clearly, S since (A,/) G S. Furthermore, one can show that S is inductive in the following 
manner. Let F = {(A,,//) | / G /} be an ascending chain in S. Let Aoo = U,g/A,. Then for any 
a G A.» there is a 7 G / such that a G Aj, and so we can define /„»: A .,0 —> M, by / 00 (a) = fj{a). It is 
straightforward to check that /»»is well defined and (Aoo,/oo) is an upper bound for F in S. Then by 
Zorn’s Lemma, S has a maximal element, say {B',g'). We will prove that B' — B. 

Suppose that there exists xGP\P'. It is clear that (B,A,f,M) f, {B,B’,g',M). Since {B,A,f,M) G 
and satisfies condition (a), thus {B,B',g',M) G Jf. Since .jSf satisfies condition (p), thus 
(P, (B' : x),g'^,M) G . By hypothesis, there exists a homomorphism g \ R ^ M such that g{r) = 
g'xir) = g'{rx), Vr G {B' : x). Define y/ ; P' -f Px —> M by v/(fi -f rx) = g'{b) -\- g{r), Vfi G B', 
Vr G P. tp is a well-defined mapping, since if bi -f rix = b 2 + r 2 X where bi,b 2 G B' and r,r 2 G P, 
then (ri-r 2 )x = fi 2 -^i GP' and hence ri-r 2 g(P' :x). Since g'((ri-r 2 )x) = g(ri-r 2 ) =g(ri)-g(r 2 ) and 
g'((ri-r 2 )x) = ^{b 2 -b\) = g'(fi2)V(^i) thus g'{bi) gfi) = g'{b 2 )+gir 2 ) and this implies that 
-f rjx) = tp(fi 2 + fix). Thus y/ is a well-defined mapping. It is clear that ip is a homomorphism 
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and {B',g') ^ {B' +Rx, \j/). Since {B' +Rx, € S and B’ C B' +Rx, thus we have a contradiction 
to maximality of {B' ,g') in S. Hence B' = B and this means that there exists a homomorphism 
g': B ^ M such that {g' ['A) = /. Thus M is ^-injective. □ 

The following corollary is a generalization of Baer’s result in [4], [23, Proposition 2.1, p. 201], 
[16, Baer’s Lemma 2.2, p. 628] and [5, Theorem 2.4, p. 319]. 

Corollary 2.13. Let Pi and P 2 be any two P- filters. Then the following conditions are equivalent 
for R-module M: 

(\) M is p^yinjective; 

( 2 ) every diagram 

/C- ‘-^R 

f 

M 

with {R,I,f,M) G -^(pi,p 2 )’ completed to a commutative diagram; 

(3) for each (Rf,f,M) € there exists an element m G M such that f{r) = rm, Vr € I. 

Proof. By Lemma 2.11 and Theorem 2.12. □ 

The following characterization of .jSf-injectivity is a generalization of [22, Proposition 1.4, p. 3] 
and [9, Proposition 2.1.3, p. 53]. 

Proposition 2.14. Consider the following three conditions for R-module M: 

(1) Q is .^-injective; 

(2) every diagram 

/ 

Q 

with {M,N,f, Q) G and N <e M, can be completed to a commutative diagram; 

(3) every diagram 

—‘-^R 
f 

<2 

with {R,I,f,Q) € .Sf and I <e R, can be completed to a commutative diagram. 

Then (1) implies (2), (2) implies (3) and, if .Sf satisfies conditions (a) and (p), then (3) 
implies{\). 

Proof. Let .if satisfy (a) and (p) and consider the following diagram 

/C— '-^R 
f 

Q 

with {R,I,f,Q) € .if. Let P be a complement left ideal of I in R and let C = 70/'^. Thus by 
[2, Proposition 5.21, p. 15], C <e R. Define g : C = 70/'^'—> 2 by g(a + 7>) =/(a) , Va € 7 and 
V7> € P. It is clear that g is a well-defined homomorphism and {R,I,f,Q) f {R,C,g,Q). Since 
.if satisfies condition (a), thus {R,C,g,Q) G .if. By hypothesis, there exists a homomorphism 
h'.R—^Q such that {h [ C) = g. Thus (h [ 7) = (g [ 7) = / and this implies that Q is .if-injective, 
by Theorem 2.12. □ 

In the following theorem we extend a characterization due to [24, Theorem 2, p. 8 ] of .if- 
injective modules over commutative Noetherian rings. 
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Theorem 2.15. Let R be a commutative Noetherian ring, let M be an R-module and suppose that 
satisfies conditions (a) and (p). Then M is ,^-injective if and only if every diagram 

/C— ‘-^R 
f 

M 

with {R,I,f,M) G and I is a prime ideal ofR, can be completed to a commutative diagram. 

Proof (=>) This is obvious. 

(■<=) Consider the following diagram 


A^—^B 

f 

M 

with {B,A,f,M) G Jf. Let S = {{C,(p) \ A<C<B,(pG Hom/;(C,M) such that {(p t A) = /}. 
Define on 5 a partial order ^ by 

{Ci,(pi) f (C 2 ,(p 2 ) Cl < C 2 and {(p 2 \ Ci) = (pi 

As in the proof of Theorem 2.12, we can prove that S has a maximal element, say {B',g'). We 
will prove that B' = B. Suppose that there exists xGB\B'. By [24, Theorem 1, p. 8 ], there exists an 
element ro G R such that {B': rox) is a prime ideal in R and tqx ^ B'. It is clear that {B,A,f,M) f 
(B,B',g',M). Since {B,A,f,M) G ££ and ££ satisfies condition (a), thus G .if. Since 

satisfies condition (/z), thus (R, {B' : b),g'i^,M) G -Sf, Wb G B. Put y = rox, thus y G B\B' and 
hence {R, {B': y),gy,M) G . Thus we have the following diagram 

{B ': y) ^^ R 

8 

M 

with {R, {B' : y),gy,M) G and (B' : y) is a prime ideal in R. By hypothesis, there exists a homo¬ 
morphism g : R ^ M such that g{r) = gy{r) = g'{ry), Vr G {B' : y). Define y/ ; B' 4-—> M by 
V/(fo + ry) = g'{b) +g(r), VI? G B', Vr € B. As in the proof of Theorem 2.12, we can prove that \j/ is 
a well-defined homomorphism and (B',g') ^ (B' -f By, xj/). Since (B' -f By, xj/) G S and B' C B' -|-By, 
thus we have a contradiction to maximality of {B' ,g') in S. Hence B' — B and this mean that there 
exists a homomorphism g' : B -G M such that (g' [A) = /. Thus M is .if-injective. □ 

Corollary 2.16. Let pi and P 2 be any two P-filters and let R be a commutative Noetherian ring, 
let M be an R-module. Then M is injective if and only if every diagram 

/C—U-B 

/ 

M 

with {R,I,f,M) G -^(p],p 2 ) ond I is a prime ideal ofR, can be completed to a commutative diagram. 

Proof. By Lemma 2.11 and Theorem 2.15. □ 

Corollary 2.17. ([24, Theorem 2, p. 8]) Let R be a commutative Noetherian ring, let M be an 
R-module. Then M is injective if and only if every diagram 

/C—U-B 

/ 

M 

with I is a prime ideal ofR, can be completed to a commutative diagram. 

Proof. By taking the two B-filters pi = p 2 = 91 and applying Corollary 2.16. □ 
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3 =Sf-M-Injectivity and ^-=Sf-M-Injectivity 

In this section we introduce the concepts of ^-M-injective modules and s-^-M-injective mod¬ 
ules as generalizations of M-injective modules and give some results about them. 

Definition 3.1. Let M, Q € /?-Mod. A module Q is said to be ^-M-injective, if every diagram 

/ 

Q 

with {M,N,f,Q) € can be completed to a commutative diagram. A module Q is said to be 
.^-quasi-injective, if Q is -Q-injective. 

Remarks 3.2. 

(1) It is clear that an R-module Q is .^-injective if and only if Q is .^-M-injective for all 
M e /?-Mod. 

(2) If satisfies conditions (ct) and (jl), then by Theorem 2.12 we have that an R-module Q is 
.^-injective if and only if Q is -R-injective. 

(3) As a special case of (2), we have that for any two P-filters pi and P 2 , then an R-module Q 

is injective if and only if Q is .^(p^py-R-injective. 

For any nonempty subclass of and for any /^-module M, we will denote by Jfff the 
subclass = {(B,A,/,g) e .if I B=M}. 

Remark 3.3. Let M,Q G /?-Mod. Then Q is .^-M-injective if and only ifQ is .^M-injective. 


It is clear that if if satisfies condition (a), then ifw does also. Thus, immediately from Re¬ 
mark 3.3 and [16, Theorem 1.3, p. 623], we have the following corollary. 

Corollary 3.4. Let M, Q G R-Mod and let if satisfy condition (a). Then the following five condi¬ 
tions are equivalent: 

(1) Qis .^-M-injective; 

(2) Q is a direct summand in each extension N Q such that N C Q + r^jE{N),Q); 

(3) r^jQ) C Q; 

(4) every diagram 

f 

Q 

with Z? C A -f r^^ [E{B),A,f, Q), can be completed to a commutative diagram; 

(5) s^jQ)<ZQ. 

Let M, Q G R-Mod, it is well-known that a module Q is M-injective if and only if f{M) < Q, for 
every homomorphism /: E{M) —> E{Q) [20, Lemma 1.13, p. 7]. 

For an analogous result for if-M-injectivity we first fix the following condition. 

Let if be a subclass of Then a module M satisfies condition [Eye) if M has an 
if -injective envelope which is unique up to M-isomorphism and {E_^{M),N,f,Q) G if whenever 

(M,iv,/,e)eif. 

The next theorem is the first main result in this section in which we give a generalization of [20, 
Lemma 1.13, p. 7] and [ 8 , Theorem 2.1, p. 34]. 

Theorem 3.5. Let M,Q G R-Mod and let if satisfy conditions (a), (j3) and ( 7 ). Consider the 
following two conditions 

(1) Qis .^-M-injective. 

(2) /(M) < Q, for all f G Homj{(E_^(M),E_^(Q)) with (M,L,flL,Q) G if where L = {m G 
M I f{m)GQ]=M^f-\Q). 

Then (1) implies (2) and, ifM satisfies condition {Ey), then (2) implies (1). 



Proof. (1) ^ (2) Let / G Homg(Ejf(M),Ejf(Q) with (M,L,flL,Q) G where L = {m G M \ 
/(m) G g} =Mn/^'(G). Define g : L -G g by g(fl) =/(a), Va G L. {i.e., g = f\L). It is clear 
that g is a homomorphism. Thus we have the following diagram 

LC— 

g 

/ '' 

Q 

with (M,L,g, g) G -Sf. By .if-M-injectivity of g, there exists a homomorphism h:M ^ Q such that 
{h\L) =g. We will prove that Qf]{f-h){M) = 0. Letx G Qr\{f-h)iM), thus there exists mGM such 
that X = {f-h){m) = f{m)-h{m) G g. Thus f{m) = x+h{m) G Q and this implies that niG L. Thus 
f{m) = g{m) = h{m) and hence x = 0. Thus Qf]{f-h){M) = 0. Since g is an essential submodule 
of Ej^(Q) (by [16, Theorem 1.19 ,p. 627]) and since {f-h){M) < E^{Q), thus {f-h){M) = 0 and 
this implies that /(M) = h(M) < g. 

(2) (1) LetM satisfy condition {Ej^) and consider the following diagram: 

/ 

Q 

with {M,N,f,Q) G -Sf. Since M satisfies condition {E^), thus {Ejf{M),N,f,Q) G -Sf. Since .if 
satisfies condition (j3), thus {Ejf{M),N,if,Ejf{Q)) G -Sf. Thus we have the following diagram 

- '-^Ej^iM) 

f 

Y 


Y E 

EAQ) 

with {E^{M),N,if,E (g)) G .if. By .if-injectivity of E (g), there exists a homomorphism h : 
E^{M) -G Ejf{Q) such that h{n) = f{n), Vn G N. Let L = {m G M \ h{m) G g}. We will prove 
that (M,L,g,Q) G -Sf, where g = h \ L. Let x G N, thus h{x) = f(x) G Q and hence x G L. Thus 
N < L and (g \ N) = f. Thus {M,N,f,Q) f {M,L,g,Q). Since .if satisfies condition (a), thus 
{M,L,g,Q) G .if. By hypothesis, we have that h(M) < Q and hence h’ = h \ M : M ^ Q is such that 
[h' ] N) = f. Thus g is an .if-M-injective module. □ 

Corollary 3.6. Let M,Q G P-Mod and let pi and P 2 be any two P-filters. If M satisfies condition 
then the following two conditions are equivalent. 

(1) Q is .Efi^p^ p^yM-injective; 

(2) f{M) < Q, for all f G (g)) with (M,L,/[L,g) G .if where 

L = {mGM\ f(m)GQ}=M[\f-\Q). 

Proof. By Lemma 2.11 and Theorem 3.5. □ 

The following lemma is easily proved. 

Lemma 3.7. If = .Jf, then the following conditions are satisfied. 

(1) A module M is injective if and only ifM is .^-injective. 

{2) Esy{M)=E{M), for all MG /?-Mod. 

(3) Every module satisfies condition {Ej^). 

Lemma 3.8. If t is a hereditary torsion theory, then the following conditions are satisfied. 

(1) A module M is X-injective if and only ifM is .^t-injective. 

(2) Ej^^ (M) = Er (M), for all M G /?-Mod. 

(3) Every module satisfies condition (E 

(4) For any M,Q G /?-Mod, if f G liomR{E^^{M),E^^{Q)), then (M,L,/[L,g) G .ifr, where 
L = {m G M I f(m) G g}. 
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Proof. (1), (2) and (3) are clear. 

(4) Let M,Q € /?-Mod and let / G Let L = {m G M \ f{m) G Q}. 

Define g : {M/L) —> {Ex{Q)/Q) by g{m + L) = f{m) + Q, Vm G M. It is clear that .g is a well- 
defined /?-monomorphism. Since 2 is a T-dense in E^^{Q)), (£ifj.(2)/2) is a T-torsion. Since 
g{M/L) < [E^t.{Q)IQ) and (M/L) ~ g{M/L), thus M/L is a T-torsion. Hence L is a T-dense inM. 
Thus {M,LJ\L,Q) G ifr- □ 

In the special case .if = ./# is the result [20, Lemma 1.13, p. 7] mentioned earlier and the 
following corollary is a generalization of [8, Theorem 2.1, p. 34]. 

Corollary 3.9. Let M, Q G /?-Mod and let T be any hereditary torsion theory. Then the following 
conditions are equivalent. 

(1) Qis t-M- injective. 

(2) Q is -injective. 

(3) f{M) < Q, for every homomorphism f : Et:{M) —> Et:{Q). 

Proof. By Lemma 2.11, Lemma 3.8 and Theorem 3.5. □ 

Let M,Q G /?-Mod and let T be any hereditary torsion theory. A module Q is s-T-M-injective if, 
for any N <M, any homomorphism from a T-dense submodule of A to Q extends to a homomor¬ 
phism from A to 2 [7, Definition 14.6, p. 65]. 

As a generalization of i-T-M-injectivity and hence of M-injectivity we introduce the concept of 
s-.if-M-injectivity as follows. 

Definition 3.10. Let M.Q G /?-Mod. A module Q is said to be s-Jf-M-injective if Q is .if-A- 
injective, for all N <M. A module Q is said to be s-Jf -quasi-injective if Q is s-Jf -Q-injective. 

Remarks 3.11. 

(1) It is clear that every s-.^-M-injective module is Jf-M-injective. 

(2) Let M.Q G /?-Mod. Then the following conditions are equivalent. 

(a) Q is s-Jf -M-injective. 

(b) Q is s-Jf-N-injective, for all N < M. 

(c) Q is -N-injective, for all N <M. 

Fuchs in [14] has obtained a condition similar to Baer’s Criterion that characterizes quasi- 
injective modules. Bland in [6] has generalized that to s-T-quasi-injective modules, and Charalam- 
bides in [7] has generalized that to s-T-M-injective modules. 

Our next aim is to generalize the condition once again in order to characterize s-.:Sf-M-injective 
modules. We begin with the following condition. 

(.if): Let .5f be a subclass of and let M be a module . Then M satisfies condition (.if) 
if for every {B,A,f,Q) G .if, then {Rm,(A : G .if, for all m € M and x G B with 

annR{m) C (ker(/) : x), where f{x.m) • —>■ 2 is a well-defined homomorphism defined by 

f{x,m) {rm) = f{rx), for all r G {A : x) . 

A subclass .if of is said to be fully subclass if every /^-module satisfies condition (.if). 


Example 3.12. All of the following subclasses of .yff are fully subclasses. 

(1) where T and F are nonempty classes of modules closed under submodules and ho¬ 
momorphic images. 

(2) if = .^. 

(3) if:, where X is a hereditary torsion theory. 

(4) if(p 0 -), where p and O are left exact preradicals. 

Proof. (1) Let {B,A,f,Q) G let m G M,x G B such that annR{m) C (ker(/) :x). By 

Lemma 2.11 we have that .^{t.f) satisfies condition (/r) and this implies that {B,{A : x),fx,Q) G 
■^(T-F)- It is clear that {R/{Im : m)) ~ (Rm/Im) and {R/(Jm : m)) ~ (Rm/Jm) where I = {A: x) and 
J = kei{fx) . Since if( 7 ’,F) = iffpj ^^), where pi and p 2 defined by pi = {(M,A) G 91 | A < M such 
that M/A GT,MG /1-Mod} and p 2 = {(M, A) G 91 | A < M such that M/A GF,MG /1-Mod}, thus 
(/!,/) G Pi and {R,J) G P 2 . Since I < {Im :m) <R and J < {Jm :m) <R and pi, p 2 are P-filters (by 
example 2.10), thus {R, {Im : m)) G pi and {R, {Jm : m)) G P 2 and this implies that {R/{Im : m)) G T 
and {R / {Jm :m))GF. Since T and F are closed under homomorphic images, thus {Rm/Im) G T and 
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(Rm/Jm) G F. Since kei{fjc) = {r G / | fjc{r) = 0} = {r G / | f{rx) = 0} = {r G / | rx G ker(/)} = 
{r G / I r G (ker(/) : x)) = (ker(/) : x) and ker(/(^,„)) = {rm G Im \ /(;,,„)(rm) = 0} = {rm G 
Im I f{rx) = 0} = {rm G /m | rx G ker(/)} = {rm G /m | r G (ker(/) : x)} = (ker(/) : x)m, thus 
ker(/('^ ) = ker(/;c)m = Jm and this implies that {Rm/{A : x)m) G T and {Rm /ker(/(^ )) G F.Thus 

{Rm, (A : x)m,/(;t „,))G) G hence is a fully subclass. 

(2), (3) and (4) are special cases of (1). □ 

For any /^-module M, we let Q.{M) denote the set of all left ideals of R which contain the left 
annihilator of an element of M, (i.e., for any left ideal I of R we have I G Q.{M) if and only if there 
ism G M such that ann^ (m) C I). 

The following proposition is the second main result in this section, in which we generalize [7, 
Proposition 14.12, p. 66 ], [ 6 , Proposition 1, p. 1954] and Fuchs’s result in [14], and it is necessary 
for our version of the Generalized Fuchs Criterion . 

Proposition 3.13. Consider the following statements, where M, Q G /?-Mod.' 

(1) Qis s-Af -M-injective; 

(2) if m G M, then every diagram 

— U^Rm 

f 

Y 

<2 

with {Rm,K,f,Q) G Af, can be completed to a commutative diagram; 

(3) ifK < N are modules, not necessarily submodules ofM, then every diagram 

K^—^N 

f 

Q 

with {N,K,f,Q) G .jSf and Cl{N) C Cl{M), can be completed to a commutative diagram. 

Then (1) implies (2) and (3) implies (1) .Moreover, if satisfies condition (a) andM satisfies 
condition (.if), then all above statements are equivalent. 

Proof. (1) (2) Let m GM and consider the following diagram 

—‘-^Rm 
f 

Y 

e 

with {Rm,K,f,Q) G . Since Q is s-.if-M-injective, thus Q is .if-/?m-injective. Thus there exists 
a homomorphism g : Rm —> Q such that {g [If) = /. 

(2) ^ (3) Let .if satisfy condition (a) and M satisfies condition (.if) and let If < be modules, 
not necessarily submodules of M. Consider the following diagram 

K^-^N 

f 

Q 

with {N ,K,f ,Q) G and Q.{N) C Q.{M). Let S = {{C,(p) \ K<C<N,(pG Homff(C,M) such 
that {(p \ K) = /}. Define on 5 a partial order f by 

(Cl, ^i) ^ {CiitPi) Cl < C 2 and {(p 2 \ Ci) = (pi 

As in the proof of Theorem 2.12, we can prove that S has a maximal element, say {X,h). It suffices 
to show thatX =N. Suppose that there exists n G N\X. It is clear that {N,K,f ,Q) f {N,X,h,Q). 
Since {N,K,f,Q) G and .if satisfies condition (a), thus {N,X,h,Q) G .if. Since annR{n) G Cl{N) 
and Q.{N) C Q,{M) (by assumption), thus annR{n) G Q.{M) and this implies that there exists m G M 
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such that ann]{{m) C annj({n). Since annii{n) C (ker(/z) : n), thus annj({m) C (ker(/z) : n). Since 
m G M and n € N\X such that annR{m) C (ker(/z) : n) and since M satisfies condition (^), thus 
{Rm, {X : G Jf. Thus we have the following diagram 

(X : n)m^ —s- Rm 


with (Rm,{X : n)m,h(^„,„'j,Q) G By hypothesis, there exists a homomorphism (p* : Rm —> Q 
such that (p*(am) = for all am G {X : n)m. Define h* \ X +Rn^ Qhy h*{x + rn) = 

h{x) + (p*{rm), Vx G X and Vr G R. h*is a well-defined mapping, since if xi -I- rin = X 2 + r 2 n, 
where xi,X 2 € X and ri,r 2 € R, thus X 2 — xi = rin — r 2 n = (ri — r 2 )n G X and hence ri — r 2 € 
(X : n). Thus {r\ - r 2 )m G {X : n)m and 9 *((n - r 2 )m) = “ >' 2 )m) = h{{r\ - r 2 )n) = 

h(x 2 —x\) = h{x 2 ) — h{x\). Since (p*{{r\ — r 2 )m) = (p*{r\m — r 2 m) = (p*{r\m) — (p*{r 2 m), thus 
(p*{rim) — (p*{r 2 m) = h{x 2 ) — h{x\) and this implies that (p*{rim) +h{xi) — (p*{r 2 m) + h{x 2 )■ Thus 
h* (xi + rin) = h*(x 2 + r 2 n) and hence h* is a well-defined mapping and it is easy to prove that h*is 
a homomorphism. For all a G K,we have that h*{a) = h* {a+ Q.n) = h{a) + (p* (O.m) = h{a) = f{a) 
and hence {h* I’/T) = /. Since K <X + Rn <N, thus {X +Rn,h*) G S. Since {h* \ X) = h and 
X <X+Rn<N, thus {X,h) ^ {X +Rn,h*). Since n GX +Rn and n ^X, thus X ^X -\-Rn and 
this contradicts the maximality of {X,h) in S. Thus X = N and this implies that there exists a 
homomorphism h: N —>■ Q such that {h f/f) = /. 

(3) (1) Let < M and consider the following diagram 

f 

Q 

with {N,K,f,Q) G . Let / € ^{N), thus there exists an element n G N such that annR{n) C I. 
Thus there exists an element n GM such that annR{n) C I and this implies that I e Q.{M) and hence 
we have that Q.{N) C £1{M). By hypothesis, there exists a homomorphism g : N —>■ Q such that 
= /. Thus Q is .if-A^-injective module, for all N < M and this implies that Q is s-^-M- 
injective. □ 

Follow we give the last main result in this section in which we generalize [7, Proposition 14.13, 
p. 68 ], [ 6 , Proposition 2, p. 1955] and [14, Lemma 2, p. 542]. It is our version of Generalized Fuchs 
Criterion. 

Proposition 3.14. (Generalized Fuchs Criterion) Consider the following conditions, where M,Q G 
R-Mod. 

(1) Q is s-^^-M-injective; 

( 2 ) every diagram 

—‘-^R 
f 

Q 

with {R,I,f,Q) G one/ker(/) G D,{M), can be completed to a commutative diagram; 

(3) for each {R,I,f,Q) G ^ with ker(/) G there exists an element x G Q such that 

f{a) = ax, Va G I. 

Then (2) (3) and ifM satisfies condition (Jf) then (1) implies (2). Moreover, if satisfies 

conditions (ct) and (p), then (2) implies ( 1 ). 

Proof (2) (3) This is obvious. 

(1) ^ (2) LetM satisfy condition (.if) and consider the following diagram 

^ *1 
—-^R 


'1 

e 
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with g) € -Sf and ker(/) e Q.{M). Thus there exists an element m GM such that annj({m) C 

ker(/). Since ker(/) = (ker(/): 1) where 1 is the identity element of R, thus annj{{m) C (ker(/): 1). 
Since 1 G R and M satisfies condition (.Sf), thus {Rm, (/; l)»J,/(i,m))G) € Since (/ : 1) = /, thus 
e Thus we have the following diagram 


/m*' 


'2 


^ Rm 




Q 



with {Rm,Im,f(^i ,„'^,Q) G ^. Since Q is s-^-M-injective, thus by Proposition 3.13, there exists a 
homomorphism h : Rm —> Q such that hoi^ = /(! „,)■ Define v\ ; / —> /m by vi (a) = am, Va G I 
and define V 2 : —?► Rm by V 2 (r) = rm, Vr G R. It is clear that vi and V 2 are homomorphisms and 

for all a e /, we have that (v2o/i)(fl) = (v2(/i(fl)) = V2(a) =am = v\{a) = i2(vi(a)) = (!2 0vi)(a). 
Define g : R ^ Qhy g(r) = (hov 2 )(r), Vr G R. It is clear that g is a homomorphism and for all 
a G / we have that {goii){a) = (g(/i(a)) = (/z o v2)(/i (a)) = h{{v 20 ii){a)) = /i((i2 o vi)(fl)) = 
(hoi 2 ){vi{a)) = /(i,m)(^i(Q)) = /(i,m)(Q^) = /(Q-1) = /(q)- Thus there exists a homomorphism 
g : R ^ Q such that (g \I) = f. 

(2) (1) Let.5f satisfy conditions (a) and (/r) andletA^<M. Consider the following diagram 


f 

Q 

with (N,K,f,Q) G . Let S = {{C,(p) \ K < C < N, (p G HomR{C,M) such that {(p\K) = /}. 
Define on 5 a partial order ^ by 

(Ci.^i) ^ (C 2 ,(p 2 ) Cl < C 2 and {(p 2 \ C\) = (pi 

As in the proof of Theorem 2.12, we can prove that S has a maximal element, say {X,h). It suffices 
to show that X = N. Suppose that there exists n G N\X. It is clear that {N,K,f,Q) ^ (N,X,h, Q). 
Since {N,K,f ,Q) G ^ and ^ satisfies condition(a), thus {N,X,h,Q) G ££. Since ££ satisfies 
condition (/r) and n G N\X, thus [R, (X : n),hn,Q) G Jf. Since (0 : n) C kei(h„) and n G M, thus 
kei{h„) G £1{M). Thus we have the following diagram 

{X:n)^C_^R 

hn • ■' 

Q 

with {R,{X : n),h„,Q) G ^ and ker(/ 2 „) G Q.{M). By hypothesis, there exists a homomorphism 
<p* :R^ Q such that {(p* \{X :n)) = h„. Define h* :X +Rn ^ Qhy h*{x + rn) = h{x) + (p*{r),\/x G 
X,yr G R. As in the proof of Theorem 2.12, we can prove that h* is a well-defined homomorphism, 
{X,h) :< {X + Rn,h*) and {X +Rn,h*) G S. Since n GX +Rn and n ^X, thus X Cx + Rn and 
this contradicts the maximality of (X,h) in S. Thus X = N and this implies that there exists a 
homomorphism h: N —>■ Q such that {h\K) = f. Thus Q is .if-M-injective module, for all N <M. 
Therefore Q is s-.jSf-M-injective /^-module. 

□ 


4 Direct Sums of -Injective Modules 

In Example 2.5 we showed that a direct sums of .if-injective modules is in general not 
injective. In this section we study conditions under which the class of .if-injective modules is 
closed under direct sums. 

Let {Ea}aeA be a family of modules and let E — For any x = {xa)a( 2 A G £, we define 

the the support of x to be the set {a G A\ Xa 0} and denote it by supp(x). For any X C E, we 
define supp(V) to be the set |J supp(x) = {a G A | (3x GX)xa 7^ 0}. 

x€X 
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The following condition will be useful later. 


(F): Let {Ea]aeA be a family of modules, where A is an infinite index set and let .if be a sub¬ 
class of We say that .if satisfies condition (F) for a family {Ea}a(^A^ if for any ^aeA^a) € 

.if, then supp(im(/)) is finite. 


Lemma 4.1. Let A be any index set and let C be any countable subset of A, and let {Ea}aeA be 
any family of modules. Define Ttc '■ ®aeA^a —> ®aeC^oi by 7lc{x) = xc, for all x € 

7ta{x) ifaeC 
^ 0 if a fC ' 

homomorphism. Then Ttc Is a well-defined homomorphism and if x G then Ttc{x) = x. 


where 7ta(xc) = 7ta(Ttc(x)) = 


Vet € A, where Tta is the ath projection 


Proof. An easy check. □ 

Lemma 4.2. Let satisfy the conditions {a),{lJ.) and (5) and let {Ea}aeA be any family of 
.^-injective modules, where A is an infinite index set. If satisfies condition (F) for a family 
{Ea}a€A, then 0„g^£’a is an .^-injective module. 


Proof. Consider the following diagram 


/C- 

f 

®a€A^a 


with {R,ff,@aeAEa) € -Sf. Since .if satisfies condition {F) for the family {Ea}acA, thus supp(im(/)) 
is finite and this implies that /(/) C 0agf where T is a finite subset of A. Since £„ is -Sf- 
injective, Va € F, thus by Corollary 2.7 we have that 0agf £a is -Sf-injective. Define Ttp ■ 
0aGf by Ttpix) = XF, for all x G 0„g^£'a, where Tta^xp) = 7ta{7tF{x)) = 
i f (X ^ F 

, Wa GA, where Tta is the ath projection homomorphism. By Lemma 4.1, 

if a^F 

we have that Kf is a well-defined homomorphism. Since (/?,/,/,0„g^£’a) G .if and if satisfies 
condition (5), thus (/?,/, Kf o fj^aeF^a) G if. Thus we have the following diagram 





R 


f 

®a€A^a / g 
TCf 

®aeF^a 


with (R,I,TtFO f,®aeF^a) V -5f- By if-injectivity of ^aeF^a, there exists a homomorphism 
g:R-^ ®aeFEa such that g{a) = {TtFof){a), Va G I. Put g' = ii og : R -G0„g^£'a, where ii : 
®aeF^a 0aGA^a is the inclusion homomorphism. Then for each a G /, we have that gfa) = 
{ii og){a) =g{a) = {TtFof){a) = nF{f{a)). Since /(/) C 0„gf thus f{a) G 0aef Va G I. 
Thus by Lemma 4.1 we have that TtF{f{a)) = f{a), VaGl and this implies that g'(a) = /(a), Va G I. 
Since if satisfies conditions (a) and (p.), thus 0„g^£’a is if-injective, by Theorem 2.12. □ 

The following proposition generalizes a result found in [15, Proposition 8.13, p. 83]. 

Proposition 4.3. Let if satisfy conditions (a), {p) and (5) and let {EajacA be any family of 
injective modules, where A is an infinite index set. If ®aeC^oi is an .^-injective module for any 
countable subset C of A, then 0agx^a is an .^-injective module. 

Proof. It is clear that La must be if-injective, Va G A. Let Ttp : 0„g^£’a —> Ep be the natural 
projection homomorphism. Assume that ^aeA^a is not if-injective, thus by Lemma 4.2 there 
exists {R,I,f,@f^^Ea) G if such that supp(im(/)) is infinite. Since supp(im(/)) is an infinite set, 
thus supp(im(/)) contains a countable infinite subset, say C. For any a G C, then a G supp(im(/)) 
and this implies that there exists x G im(/) such thatxa f 0. Thus for any a G C, then ;ra(im(/)) 
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0. Define Ttc ■ ®a€A^a ®aeC^a as in Lemma 4.1. Note that C = supp(im( 7 rco/)). Since 
(R,I,f,®a€AEoi) € -S? and .if satisfies condition ( 7 ), thus {R,I,%c° f^®aeC^a) € Since C is 
a countable subset of A, thus by hypothesis we have that 0„g(-£’a is -Sf-injective. By Theorem 2.12, 
there exists an elementy € such that (tTco f){a) = ay, Va € /. Let a € supp(im(7ico /))) 

thus there is r G / such that na{{7tco f){r)) 7 ^ 0. Hence na{ry) 7 ^ 0 and this implies that ;ra(y) 7 ^ 0. 

Thus a G supp(y) and hence supp(im(% o/)) C supp(y). Since C = supp(im(7rc of)), thus C C 
supp(y) and this a contradiction since supp(y) is finite (because y G 0agc^«) and C is infinite. 

Thus 0„g^£’a is an .jSf-injective module. □ 

By Proposition 4.3 and Lemma 2.11 we can prove the following corollary. 

Corollary 4.4. Let pi and P 2 be any two P-filters and let {Ea\asA be any family of modules, where 
A is an infinite index set. If ®aecRa is an p^yinjective module for any countable subset C of 
A, then ^aeA^a is an .Sf(^p^ py-injective module. 

We can now state the following result, found in [15, Proposition 8.13, p. 83] as a corollary. 

Corollary 4.5. Let {EafaeA be any family of X-injective modules, where A is an infinite index set. 

If ®aeC^a i^ ^ X-inJective module for any countable subset C of A, then 0„g^£’a is a x-injective 
module. 

Proof. By taking the two P-filters pi = p^ and p 2 = 91 and applying Corollary 4.4. □ 

By Proposition 4.3 and Remark 2.1 we have the following corollary. 

Corollary 4.6. Consider the following three conditions, where dfl is a nonempty class ofR-modules. 

(1) Every direct sum of -injective R-modules in is -injective. 

(2) Every countable direct sum of -injective R-modules in is -injective. 

(3) For any family of -injective R-modules in , then 0;g27p! is .^-injective. 

Then (1) implies (2) and (2) implies (3), and if satisfies conditions (a), (jl) and (5), then 

(2) implies (1). Moreover, if satisfies condition ( 7 ), then (3) implies (2). 

Definition 4.7. A submodule N of a module M is said to be strongly.^-dense in M (shortly, s-L£- 
dense), if {M,N,In,N) G .if, where 1^ is the identity homomorphism from N into N. 

Lemma 4.8. The following statements are hold. 

(1) Every s-.^-dense submodule in M is -dense in M 

(2) IfN < K < M are modules such that N is s-.Sf-dense in M and satisfies conditions (a) 
and (j3), then K is s-.^-dense in M. 

Proof. (1) Let N be any s-.if-dense submodule in M, thus {M,N,In,N) G .if. Since the following 
diagram 

- '-^M 

In i 

- ‘-^E{M) 

In 

N 

is commutative and {M,N,In,N) G -Sf, thus i(M) < r^{E{M),N) and this implies thatM C r^(E{M),N) + 
N. Thus N is .if-dense in M. 

(2) Since N is s-.if-dense in M, thus (M,N,Im,N) G .if. Since if satisfies condition (j3), 
thus {M,N,ilN,K) G if where i : N K is the inclusion homomorphism and this implies that 
iM,N,i,K) G if. Since N < K < M and {Ik\N) = i, thus {M,N,i,K) i (M,K,Ik,K). Since 
satisfies condition (a), thus [M,K,Ik,K). Hence K is s-if-dense in M. □ 

Lemma 4.9. Let p be any P-filter. Then {M,N) G p if and only ifN is s-if(p „)-tfense in M. 

Proof. This is obvious. □ 

Following [11, p. 21], for any module M, denote by Hj(f{R) the set of left submodules N of 
M such that (M/N) G JC, where JC is any nonempty class of modules (i.e., Hj('(M) = {N <M \ 

(M/N) G JC}). In particular, //^(P) = {/ < P | (R/I) G JC}. 

The following theorem is the first main result in this section. 
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Theorem 4.10. Let satisfy conditions (a) and (5) and let dfy be any nonempty class of modules 
closed under isomorphic copies and ^-injective hulls. If the direct sum of any family {-Ej Iigat of 
.^-injective R-modules in Jfy is -injective, then every ascending chain h ■■■ of left ideals 

ofR in Hx{R) with loo = U7=l -dense in R, terminates. 

Proof. Let f Q h Q be any ascending chain of left ideals of R in HjyiR) with loo = U7=i7/ 
being a s-.Sf-dense left ideal in R. Thus (R/f) € .Jfy, Vy G N. Since .if satisfies conditions (a), (j3) 
and ( 7 ), by Theorem 2.2 we have that every /^-module M has an .if-injective hull which is unique 
up to M-isomorphism. Let E^{R/Ij) be the .if-injective hull of R/IjfyJ G N. Since closed 
under .if-injective hulls, E^{R/Ij) G dffyj G N. Define f: loo = U7=i^i 07=1 
f{r) = {r-y Ij)j^f^, for r G loo. Note that / is a well-defined mapping: for any r G loo, let n be the 
smallest positive integer such that r G f. Since /„ C 4+^, Vk G N, thus r G f+k, VA: G N and so 
r + 4+/i = 0, VfeG N. Thus (r + 4)jgN = (r + /i,r-f/ 2 ,...,r-f 4 _i, 0 , 0 ,...) G 07=i£'^(/?/4)- Thus 
f(I) L 07=1 EjfiR/f) hence / is a well-defined mapping. It is clear that / is a homomorphism. 
Since/co is a s-.if-dense left ideal in/?, thus (/?,/oo,/oo) G -Sf. Since .if satisfies condition (5), thus 
{R,Ioo,f,®°J=\E^{R/Ij)) G .if. Since E^{R/Ij) is an .if-injective //-module in .Jff fyj G N, thus 
by hypothesis we have that 07 = 1 /iif (/?///) is an .if-injective //-module. Thus by Theorem 2.12, 
there exists an element x G 07=i such that /(r) = rx, Vr G loo. Since x G 07=i E^{R/Ij), 

thus X = (xi,X 2 ,...,x„,0,0,...), for some n G N. Hence = (rxi,rx 2 ,...,rx„, 0 , 0 ,...) and 

this implies that r + f+k = 0, VA: > 1 and Vr G fy, thus r G f+k, VA: > 1 and Vr G fy. Thus fy = 
U7=i f ^ In+k, VA: > 1. Since 4+^, C loo, loo = 4+*,, VA; > 1, thus f = f+j, V 7 G N. Therefore the 
ascending chain 4 C 4 C ... terminates. □ 

Now we will state the condition (/) on as follows. 

(/): {R,J,f,Q) G .if implies that/is s-.if-dense in//. That is, {R,J,f,Q) G .if implies (R,J,Ij,J) G 
.if. 

Proposition 4.11. Consider the following two conditions, where JC is a nonempty class of R- 
modules. 

( 1 ) Every ascending chain 4 L 4 C ... of left ideals ofR in Hj(f{R) with loo = U7=i -dense 
in R, terminates. 

(2) The following conditions hold: 

(a) Hj(f{R) has ACC on s-.^-dense left ideals in R; 

(b) for every ascending chain 4 Q h Q of left ideals of R in Hj(f{R) with fy = U7=l^/ 
s-.^-dense in R, there exists a positive integer n such that 4 is s-Jf-dense in R. 

If satisfies conditions (ct) and (fi), then (1) and (2) are equivalent. 

Proof. Clearly (1) ^ (2^)- 

(1) (2fl) Assume that .if satisfies conditions (a) and (j3) and let 4 C 4 C ... be any as¬ 

cending chain of s-.if-dense left ideals of R in Hj^{R). Since 4 C /^ = |J7=i^/ j '^bus by Lemma 4.8 
we have that loo is s-.if-dense in R. By hypothesis, the chain 4 C 4 C ... terminates. Thus Hj^{R) 
has ACC on i-.if-dense left ideals in R. 

(2) (1) Assume that .if satisfies conditions (a) and (j3) and let 4 C 4 C ... be any ascending 

chain of left ideals of R in/4r(A/), with/oc = U7=i h s-.^-dense in//. By {2b), there exists a positive 
integer n such that 4 is s-.if-dense in//. Consider the following ascending chain 4 L 4+i C ... of left 
ideals of R. Since .if satisfies conditions (a) and (j3), thus by Lemma 4.8 we have that 4+j is s-.if- 
dense left ideal in //, V 7 G N. By (2a), there exists a positive integer t>n such that 4 = 4+;, V 7 G N. 
Thus the ascending chain 4 C 4 C ... of left ideals terminates. □ 

Now we will give the second main result in this section. 

Theorem 4.12. Let .if satisfy conditions (ct), ( 4 ), (5) and (/) and let Jf be any nonempty class 
of modules closed under isomorphic copies and submodules. If every ascending chain J\ Q JiC ... 
of left ideals of R such that ( 4 + 1 / 4 ) G JC, VA G N and Joo = U/Liyi s-Jf-dense in R terminates, 
then every direct sum of .Sf -injective modules in JC is .^-injective. 

Proof. Let {/i,},gpj be any family of .if-injective modules in JC and let (//,/,/,0jg]i^/i,) G -Sf. 
For any n G N, put = {x G 7 | /(x) G 0)Li£',} = (0'Lj £,). It is clear that Ji C J 2 C .... 

Also, we have that fy = [Jne^Jn = UneArHeUEi)) = r'(UgN(0/=i£<) = f-H®T=iEi). 
Since {R,J,f,®i(zjqEi) G .if and .if satisfies condition (/), 7 = UieN-^i s-Jf-dense in R. For all 
n G N, define a„ : Jn+i/Jn -^0''=/£’!/0”=i£’i' by a„(x + 7„) = /(x) -f (0'Li£,), Vx G 4+i. a„ 
is a well-defined mapping and injective, Vn G N, since J„ = (0(4;£,). It is clear that a„ is 

homomorphism, Vn G N. Since (0/7/ £^i/0/=i Ef — En+i G JC and JC closed under isomorphic 
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copies, thus (0"+/£',7 G Vn € N. Since im(a„) < (0"7/£70"=i^i) G Vn G N 

and closed under submodules, thus im(a„) e ^, Vn G N. Since (Jn+i/Jn) — im(o!n), Vn G N 
and closed under isomorphic copies, thus (Jn+i/Jn) G Vn G N. Thus we have the following 
ascending chain Ji QJiQ ■■■ of left ideals of R such that (7,+i/7,) e GXf, Vi G N and Too = U7i Ji 
s-^-dense in R. By hypothesis, there exists a positive integer n such that J„ = Jn+i, V/ G N. Thus 
J = Joo = U7i — ■^n- This implies that f{J) C 07i Ei. Thus supp(im(/)) is finite and hence ^ 
satisfies condition (F) for a family {EijiGN- Thus by Lemma 4.2 we have that is an 

injective module. Thus for any family of .5f-injective /^-modules in JF, we have 0,g^£’, 

is .if-injective. Since .if satisfies conditions (a), (jJ.) and (5), thus by Corollary 4.6, we have that 
every direct sum of .if-injective modules in JF is .if-injective. □ 

A nonempty class JF of modules is said to be a natural class if it is closed under submodules, 
arbitrary direct sums and injective hulls [10]. Examples of natural classes include /?-Mod, any 
hereditary torsionfree classes and stable hereditary torsion classes. 

We can now state the following result, found in [21, p. 643] as a corollary. 

Corollary 4.13. Let JF be a natural class of modules closed under isomorphic copies. Then the 
following statements are equivalent: 

(1) every direct sum of injective modules in is injective; 

(2) Hx{R) has ACC. 

Proof. (1) (2) By taking .if = and applying Lemma 2.11, Lemma 4.9 and Theorem 4.10. 

(2) ^ (1) By taking df = .Ji and applying [21, Lemma 7, p. 637] and Theorem 4.12. □ 

Corollary 4.14. Let p be any P-filter and let dC be any nonempty class of modules closed under 
isomorphic copies and submodules. If every ascending chain J\ Q J 2 Q of left ideals of R such 
that {Ji+i/Ji) G JC,^i G N and Joo = s-df(^p oo)-dense in R terminates, then every direct 

sum of .^(^p oo)-injective modules in JC is df(^p oo')-injective. 

Proof. By Lemma 2.11, Lemma 4.9 and Theorem 4.12. □ 

Let T be a hereditary torsion theory. A nonempty class JC of modules is said to be T-natural 
class if JC closed under submodules, isomorphic copies, arbitrary direct sums and T-injective hulls 
[9,p. 163]. 

Corollary 4.15. ([9, Proposition 5.3.5, p. 165]) Let JC be a T-natural and suppose that every 
ascending chain Ji Q J 2 Q ■■■ of left ideals ofR such that (7;+i /7,) G dC, Vi G N and Joo = U7i 
T-dense in R terminates. Then every direct sum of T-injective modules in .dC is T-injective. 

Proof. Take p = Pt and apply Corollary 4.14. □ 

The following corollary, in which we give conditions under which the class of .if-injective 
modules is closed under direct sums, is one of the main aims of this section. 

Corollary 4.16. Consider the following three conditions: 

(1) the class of .^-injective R-modules is closed under direct sums; 

(2) every ascending chain I\ C f C ... of left ideals of R with loo = 177=17 s-.^-dense in R, 
terminates; 

(3) the following conditions hold: 

(a) every ascending chain I\ ••• of s-.^-dense left ideals ofR, terminates; 

(b) for every ascending chain h f I 2 C ... of left ideals ofR with loo = U7=l7 s-df-dense in 
R, there exists a positive integer n such that /„ is s-.^-dense in R. 

If satisfies conditions (a) and (5), then (1) implies (2). Also, (2) implies {3b) and if 
d£ satisfies conditions (ct) and (fi), then (2) implies {3a). Moreover, if satisfies conditions 
{a), (p), (5) and {!), then all above three conditions are equivalent. 

Proof. (1) (2) Let.if satisfy conditions (a) and (5). TakeJ^ = /?-Mod and apply Theorem 4.10. 

(2) ^ {3b) Take dC = /?-Mod and apply Proposition 4.11. 

(2) ^ (3a) Let .if satisfy conditions (a) and (j3). Take dC = /?-Mod and apply Proposition 4.11. 

(3) ^ (1) Let .if satisfy conditions (a), (p), (5) and (/). Take dC = /?-Mod. By Proposi¬ 
tion 4.11, we have that every ascending chain 7 C /2 C ... of left ideals of R with /„ = U7=i7 
s-.if-dense in R, terminates. Thus every ascending chain /i C 7 C ... of left ideals of R such that 
( 7 + 1 / 7 ) G dC, V/ G N and loo = U7=i7 ^-.i^-dense in R, terminates. Since ,dC is closed under 
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isomorphic copies and submodules, by Theorem 4.12 we have that every direct sum of .if-injective 
modules in is .if-injective. Thus the class of .if-injective /^-modules is closed under direct 
sums. □ 

Corollary 4.17. Let p be any P-filter. Then the following statements are equivalent. 

(1) The class of Jf(^p p^yinjective R-modules is closed under direct sums. 

(2) Every ascending chain I\ of left ideals of R with loo = U7=i^f ^~-^{p,pooydense in 

R, terminates. 

(3) The following conditions hold. 

(a) Every ascending chain I\ of s-yf(^p p^ydense left ideals ofR, terminates. 

(b) For every ascending chain /i C /2 C ... of left ideals of R with loo = U7=i^i 
dense in R, there exists a positive integer n such that /„ is s-yf(^p p^ydense in R. 

(4) For any family {ft ;},gat of .^(^pp^y injective R-modules, 0,g^£,' is .^(^pp^y injective. 

Proof. By Lemma 2.11 and Lemma 4.9 we have that .if(p p^) satisfies conditions (a), {p), (5) and 
(/). Thus by Corollary 4.16 and Corollary 4.6 we have the equivalence of above four statements. □ 

Corollary 4.18. ([9, Theorem 2.3.8, p. 73]) The following statements are equivalent: 

(1) R has ACC on x-dense left ideals and X is Noetherian; 

(2) the class of X-injective R-modules is closed under direct sums; 

(3) the class of X-injective R-modules is closed under countable direct sums. 

Proof. Take p = Pt and apply Corollary 4.17. □ 


5 -Injective Modules 

Carl Faith in [13] introduced the concepts of ^-injectivity and countably ^-injectivity as fol¬ 
lows. An injective module E is said to be ^-injective if E^^'l is injective for any index set A; E is 
said to be countably ^-injective in case E^^'> is injective for any countable index set C. Faith in [13] 
proved that an injective /^-module E is ^-injective if and only if R satisfies ACC on the E-annihilator 
left ideals if and only if E is countably ^-injective. S. Charalambides in [7] introduced the concept 
of ^-T-injectivity and generalized Faith’s result. 

In this section we introduce the concept of ^-.if-injectivity as a general case of ^-injectivity 
and ^-T-injectivity and prove the result (Theorem 5.4) in which we generalize Faith’s result [13, 
Proposition 3, p. 184] and [7, Theorem 16.16, p. 98]. 

We start this section with the following definition of a ^-.if-injective module. 

Definition 5.1. Let E be an -injective module. We say that E is -injective if E^-'^'i is 
injective for any index set A. On other hand, if E^^'i is -injective for any countable index set C, 
we say that E is countably Y.--^-injective. 

The following corollary is a special case of Corollary 4.6, by taking JC = {£}. 

Corollary 5.2. Consider the following conditions. 

( 1 ) £ is -injective. 

(2) E is countably Y'-^Anjective. 

(3) E^^'^ is -injective. 

Then: (1) implies (2) and (2) implies (3). If satisfies conditions (a), (p) and (d), then (2) 
implies (1). Moreover, if satisfies condition ( 7 ), then (3) implies (2). 

The following corollary is immediately from Lemma 2.11 and Corollary 5.2. 

Corollary 5.3. Let pi and P 2 be any two P-filters. Then the following conditions are equivalent for 
a module E. 

(1) E is Y--^{pi,p 2 )-injective. 

(2) E is countably -injective. 

(3) E^^'' is Jf^p^ py-injective. 
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Let £ be a module. A left ideal / of £ is said to be an L-annihilator if there is N C E such 
that I = {0 : N) = {r G R \ rN = 0} (i.e., I is the annihilator of a subset of E). 

The following theorem is the main result in this section in which we generalize [7, Theorem 
16.16, p. 98] and [13, Proposition 3, p. 184]. 

Theorem 5.4. Consider the following three conditions for an ^-injective module E: 

( 1 ) £ is countably -injective; 

(2) every ascending chain h Q h C ... of E-annihilators in R with loo = U7=i^i s-.^-dense in 
R, terminates; 

(3) The following conditions hold. 

(a) Every ascending chain f C f C ... of E-annihilators in R with f being s-.^-dense in 
R,yj C. N, terminates. 

(b) For every ascending chain hQh^ ■■■ of E-annihilators in R with loo = U7=l -dense 

in R, there exists a positive integer n such that I„ is s-Jf-dense in R. 

Then: if satisfies condition (5), then (1) implies (2). Also, (2) implies {3b) and if .Sf satisfies 
conditions (ct) and (fi), then (2) implies (3a). Moreover, if satisfies conditions (ct), (/r), (j3) 
and (/), then (3) implies (1). 

Proof. (1) ^ (2) Let .if satisfy condition (5). For the sake of getting a contradiction assume 
that (2) does not hold. Then there exist £-annihilators /i,/ 2 ,... in R such that f ^ f ^ ... and 
/oo = U7=l/;is s-Jf-dense inR. Hence we have the following descending chain rE{h)^rE{h)^ ■■■■ 
For every n e N, choose € r£(/„) — r£(/„+i). Thus x = (x„)„gpj € E^. Define by 

f{a) = ax, Va € loo. It is clear that / is a homomorphism. For a fixed a & loo let n be the smallest 
positive integer such that a G !„■ Then, for every k > 0, a G f f+k- Since Xn+k G rE{In+k)t thus 
axn+k = 0, Vk > 0. Hence ax G E^^K Thus / is a homomorphism from Ico into £(^). Since L, is s- 
.if-dense in R, thus (£,/c»,//^,/oo) G Jf. Since Jf satisfies condition (5), thus {R,Ioo,f,E^^'i) G . 
Since £(^) is .if-injective, thus by Theorem 2.12, there exists an element y G E^^^ such that f(a) = 
ay,ya G loo. Since y G E^^f thus y = {yi,y 2 , ■.■,yt,0,0,...), for some t G N. Since ax = f{a) = 
ay, Va G loo, thus (axi,ax 2 ,...) = (ayi,ay 2 , .■.,ayt,0,0,...) and this implies that axr+i = 0, Va G /„o. 
Thus x;+i G rE{Ioo). Since 4+2 ^ 4>o, thus r^j/cx,) C r£( 4 + 2 ) and so Xt+i G rEft+i), This contradicts 
the fact that Xt+\ G r£(4+i) - rEft+i)- 

(2) ^ (34) Let h C /2 C ... be any ascending chain of £-annihilators in R with 4o = U7=i^i 
s-Jf-dense in R. By hypothesis, there exists a positive integer n such that 4i = fi+k, V4 G N and so 
In = loo. Hence !„ is s-.5f-dense in R. 

(2) ^ (3a) Let .jSf satisfy conditions (a) and (j3) and let I\ QhQ be any ascending chain 
of £-annihilators in R, such that the /, are s-Jf-dense left ideals of R. Since 4 C £> and satisfies 
conditions (a) and (j3), thus by Lemma 4.8 we have that 4» is a s-.if-dense left ideal of R. By 
hypothesis, the chain h QhC ... terminates. 

(3) (1) Let .jSf satisfy conditions (a), {jl), (j3) and (/) and let {R,J ,f G Jf. Since £ is 

.if-injective, by Proposition 2.6 we have that £^ is .if-injective. Since £(^) is a submodule of £^, 
thus g = iof : J ^ £^ is a homomorphism, where i: E^^'i —> £^ is the inclusion homomorphism. 
Since if satisfies condition (j3), {R,J,io /,£’*^) G if. Thus by Theorem 2.12, there is an element 
x= (xi,X 2 ,...) G £^ such that g(a) = ax, Va G J. Thus /(a) = i{f{a)) = {io f){a) = g(a) =ax, Va G 
J. Let X = {xi,X 2 ,...} and Xk=X\ {xi,X 2 , ■■■,Xk} = {xk+\,Xk+ 2 ^ •■•}, for all 4 > 1. Thus we have 
the following descending chain of subsets of A : X G)X\G)X 2 lf ...', this yields an ascending chain 
of £-annihilators in R: Ir{X) C Ir{X\) C Ir{X 2 ) Q .... Let 4i+i = Ir{Xi^), for all k>0, where 
Xq =X and Joo = Uili Ji- Since f{J) C for any a G J, either axk = 0, V4 G N, or there is a 

largest integer n G N such that ax„ f 0. If there is a largest integer n G N such that ax„ f 0, then 
oxn+k = 0, V4 > 1. Therefore a G lR{Xn) = Jn+\ Q Joo. Thus for any a G J, we have a G Joo, and this 
implies that J C Joo. Since {R,J,f,E^^'>) G if and if satisfies condition (/), thus J is s-if-dense 
left ideal in R. Since J C Joo and if satisfies conditions (a) and (j3), thus by Lemma 4.8 we have 
that Joo is s-if-dense left ideal in R. Thus we have the following ascending chain J\ QJ 2 Q of 
£-annihilators in R such that Joo is s-if-dense left ideal in R. By applying condition (34), there is 
s G N such that J^ is s-if-dense left ideal in R. Since Js C J^+ki V4 G N and if satisfies conditions 
(a) and (j3), thus by Lemma 4.8 we have that J^+k is s-if-dense left ideal in R, Vk G N. Thus we 
have the following ascending chain Jg C / 5+1 C ... of £-annihilators in R such that J^^-k is s-if-dense 
left ideal in R, Vk G N. By applying condition (3a), the chain Js C / 5+1 C ... becomes stationary at a 
left ideal of R, say Jt = lR{Xt-\) and so J, = Joo- Thus for any a G J,we have axt+k = 0, V4 > 0 and 
then a(0,0, ...,0,Xt,Xt+i,...) = 0. Take y = (xi,X 2 , ...,Xf_i,0,0,...). It is clear that y G E^^'> and for 
any a GJ, then /(a) =ax = ax —a(0,0, ...,0,Xf,Xr+i,0,0,...) = a(xi ,X 2 , ...,Xj_i ,0,0,...) = ay. Thus 
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for every {R,J,f,E^^'^) G Jf, there exists an element y G such that f(a) = ay, Va G J. Since 
^ satisfies conditions (a) and (/r), thus is ^-injective, by Theorem 2.12. Since ^ satisfies 
condition ( 7 ), thus E is countably -injective, by Corollary 5.2. □ 

Corollary 5.5. Let p be any P-filter Then the following conditions are equivalent. 

( 1 ) £ is countably ,'>o)-injective. 

(2) Every ascending chain hQh^ ... ofE -annihilators in R with loo = U7=i f ^~-^(p,oo) -dense 

left ideal in R, terminates. 

(3) The following conditions hold. 

(a) Every ascending chain h Q hf= ••• of E-annihilators in R with Ij is s-.^(p oo)-dense left 
ideals ofRf/j G N, terminates. 

(b) For every ascending chain f C /2 C ... of E-annihilators in R with loo = U7=i^j s- 
.^(^p oo)-dense left ideal in R, there exists a positive integer n such that I„ is s-Jf(^p oo)-dense in R. 

(4) E is '£,-^{p,oo)-injective. 

Proof. By Lemma 2.11, Lemma 4.9 and Theorem 5.4, we have the equivalence of (1), (2) and (3). 

(1)<^ (4) By Corollary 5.2. □ 

Corollary 5.6. ([7, Theorem 16.16, p. 98]) Let T be any hereditary torsion theory and let E be 
X-injective module. Then the following conditions are equivalent. 

(1) £ is countably Y.-'^-lnjective. 

(2) Every ascending chain /i C /2 C ... of E-annihilators in R with loo = U7=l^f X-dense left 
ideal in R, terminates. 

(3) The following conditions hold. 

(a) Every ascending chain /i C /2 C ... of E-annihilators in R with Ij is X-dense left ideals of 
R,yj G N, terminates. 

(b) For every ascending chain f of E-annihilators in R with loo = U7=l h '^-dense 

left ideal in R, there exists a positive integer n such that !„ is X-dense in R. 

(4) £ is Y.-'^-injective. 

Proof. By taking a £-filter p = Pt and applying Corollary 5.5. □ 

Corollary 5.7. ([13, Proposition 3, p. 184]) The following conditions on an injective module E are 
equivalent. 

( 1 ) £ is countably ^-/n/ecfive. 

(2) R satisfies the ACC on the E-annihilators left ideals. 

(3) £ is 'fj-injective. 

Proof. By taking p and applying Corollary 5.5. □ 

Corollary 5.8. Let satisfy conditions (a), (p) and (5) and let {£,■ \ \ < i < n) be a family of 

modules. IfEi is Y.-.^-inJective, Vi = 1,2, ...,n, then Ei is Y.--^-inJective. 

Proof. Since £,■ is -injective, Vi = l,2,...,n, thus £^^^ is .if-injective, Vi = l,2,...,n. Thus 
by Corollary 2.7, we have that is .if-injective. Since (0"=i = {E\ ©£2 © ... © 

£„)W =£j^^©£^^^©...©£,^^^ = 0'L[£|^7 thus (0"=i£,')*'”^ is .if-injective. Hence 0JLi£iis 
^-.if-injective, by Corollary 5.2. □ 

Corollary 5.9. Let pi and P 2 be any two P-filters and let {£,- | 1 < i < n} a family of modules. If 

Ei is ^-.if('pj_p 2 )-inyecfive, Vi = l,2,...,n, then 05L[£, is 'fj-.^{pi^p 2 )-ittjective. 

Proof. By Lemma 2.11 and Corollary 5.8. □ 

We can now state the following result, found in [7, p. 98] as a corollary. 

Corollary 5.10. Let X be any hereditary torsion theory and let {£, | 1 < i < n} i 7 e a family of 
modules. IfEi is ^-T-injeciive, Vi = 1,2, ...,n, then 0]Li £,■ is Y.-'t-injective. 

Proof. By taking the two £-filters pi = p^ and p 2 = 91 and applying Corollary 5.9. □ 
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